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Introduction

OMPUTATIONAL aeroacoustics (CAA)is concerned with the

prediction of the aerodynamic sound source and the transmis-
sion of the generated sound, starting from the time-dependent gov-
erning equations. The full, time-dependent, compressible Navier—
Stokes equations describe these phenomena. Although recent ad-
vances in computational fluid dynamics (CFD) and in computer
technology have made first-principles CAA plausible, the direct ex-
tension of current CFD technology to CAA requires that several
technical difficulties in the prediction of both the sound generation
and its transmission be addressed (e.g., Refs. 1 and 2).

After the sound source has been predicted, several approaches
can be used to describe its propagation. The obvious strategy is to
extend the computational domain for the full, nonlinear Navier—
Stokes equations far enough to encompass the location where the
sound is to be calculated. However, if the objective is to calcu-
late the far-field sound, this direct approach requires a prohibitive
amount of computer storage and leads to an unrealistic turnaround
time (e.g., Ref. 3). One usually has no choice but to separate the
computation into two domains, one describing the nonlinear gener-
ation of sound, and the other describing the linear propagation of
sound.

There are several alternatives to describing the sound propagation
after the source has been identified. The first of these approaches is
the acoustic analogy (e.g., Ref. 4). In the acoustic analogy, the gov-
erning Navier—Stokes equations are rearranged to be of a wave-type
form. The far-field sound pressure is then given in terms of a vol-
ume integral over the domain containing the sound source. Several
modifications to Lighthill’s original theory have been proposed to
account for the sound-flow interaction or other effects (e.g., Refs. 5
and 6). The major difficulty with the acoustic analogy, however, is
that the sound source is not compact in supersonic flows. Errors
could be encountered in the calculation of the sound field, unless
the computation domain were extended in the downstream direction
beyond the location where the sound source has completely decayed
(e.g., Ref. 3). Furthermore, an accurate account of the retarded time
effect requires that one keep a long record of the time history of the
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converged solution of the sound source, which again represents a
storage problem.

An alternative to the acoustic-analogy approach is the use of
the Kirchhoff method, which assumes that the sound transmission
is governed by the simple wave equation. The Kirchhoff method
consists of the calculation of the nonlinear near- and mid-field,
usually numerically, with the far-field solutions found from a lin-
ear Kirchhoff formulation evaluated on a surface S surrounding
the nonlinear field. The surface S is assumed to include all the
nonlinear-flow effects and noise sources. The Kirchhoff method
has been used to study various aeroacoustic problems, such as pro-
peller noise, blade—vortex interactions, and so forth. A recent re-
view of the uses of the Kirchhoff method is given by Lyrintzis.” The
sound pressure and its normal and time derivatives are assumed to
be given over the surface enclosing the nonlinear region wherein
the sound source is generated. The sound pressure can then be ob-
tained in terms of a surface integral of the surface pressure, which
is usually evaluated when CFD techniques are used. This approach
seems to have the potential to overcome some of the difficulties
associated with the acoustic-analogy approach and is investigated
here. Other investigators®® have examined the application of the
Kirchhoff method in jet aeroacoustics for a stationary Kirchhoff
surface. Here we extend the method to a subsonically moving sur-
face and employ the frequency-domain formulation. In addition we
examine several issues related to the accuracy of the calculations.
The reader is referred to Ref. 10, which is a longer version of the
current document.

Kirchhoff Formulation

A Kirchhoff surface is assumed to enclose all the nonlinear effects
and sound sources. Outside this surface the flow is linear and is
governed by the convective wave equation
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If the background velocity U, is zero, the above equation reduces
to a simple wave equation. In the classical Kirchhoff formulation
for stationary ambient fluid, the far-field sound pressure is given by
a surface integral involving the pressure and its normal derivative at
the surface. Using the Green’s-function method, Morino et al.!h12
extended this approach to account for moving surfaces. Farassat and
Myers!? derived an alternative Kirchhoff formula using generalized
derivatives to evaluate the solution around a subsonically moving
surface. The formulations are equivalent.

The pressure field can be expressed by the use of surface integrals
[see Ref. 12, Eq. (3)}:
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M, is the freestream Mach number, ¢, is the speed of sound, a
prime denotes a point on the Kirchhoff surface, and t denotes eval-
uation at the retarded time ¢’ = ¢ — r. The direction of r, (needed for
the evaluation of the normal derivatives) is from the observer toward
the Kirchhoff surface element. The subscript o denotes evaluation
at the Prandtl-Glauert transformation directions:

Xo =X, Yo = BY, Z, = Bz
Observer
L) .
—M, cylinder

rk?
6

Point Source (x; y;, 2,

L

Fig. 1 Kirchhoff surface used to obtain jet-noise calculations.

and n, = (n,, ny, n,) is the outward normal to the surface S,. The
preceding equation describes the sound pressure at a point (x, y, z)
in terms of the information prescribed on the Kirchhoff surface. The
numerical simulations can provide the pressure and its normal and
time derivatives. It should be noted that the first term has a 1/r?
dependence with the distance r, and it is not significant in the far
field.

An alternative approach to that above is to perform first a Fourier
analysis of the numerically calculated data and to work then with
the Kirchhoff formula in the frequency domain. In this approach, we
write the surface pressure as p[(x, y, z), t] = R{[p(x, y, 2)]e”'"}.
Substituting in Eq. (2) and accounting for the retarded time, we
obtain
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Fig.2 Pressure amplitude vs distance r, for various values of r; and two values of 6.
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This is the Kirchhoff formulation for a uniformly moving surface
in the frequency domain. Equation (3) is shown here for the first
time, to our knowledge, although a similar expression is given by
Atassi et al.'*

Point-Source Test Case

A point-source test case was developed. A point source was placed
in the middle of the cylinder at the position (xs, ys, zs), as shown in
Fig. 1. Angle 0 is also shown in Fig. 1. The sound pressure resulting
from a point source was compared by means of values obtained with
the Kirchhoff approach and with the exact solution. We took the
cylinder length to be 10r, (7, is the radius of the Kirchhoff surface)
and the speed of sound to be 1. The number of data points taken on
the cylindrical Kirchhoff surface was 200 points in the x direction
and 60 points in the azimuthal direction. For the bases, we took 50
data points in the radial direction; the outer-flow Mach number was
0.8, and frequency was w = 1 (other frequencies were also tried).
As a first check we placed a point inside the Kirchhoff surface, and
the result was very close (i.e., ~107*) to zero, as expected. We then
placed an observer at a distance of ry, = 100r;. The code for the
point source is very fast; it requires only approximately 15 s of CPU
time on a Sun SPARC 5 workstation for each observer position for
the above data and 50 points per period.

Typical calculations show that the dispersion error is not signifi-
cant unless a very low number of points per period are used. Time
and normal derivatives are evaluated numerically. Fifty points per
period are needed for the error to be less than 0.1%, and 18-20
points are needed for the error to be less than 1%. For the normal
derivative we found that, if dr < 0.1r; (which is not a restrictive
condition), the errors are less than 0.1% for 50 points per period.
The number of points per wavelength is also an important param-
eter because it can be used to determine the upper-frequency limit
of the Kirchhoff formulation: given a mesh (used both for the CFD
and the Kirchhoff formulations), the frequency corresponding to
8-12 points per wavelength can be found, and it should represent
the upper limit at which Kirchhoff results are reliable. We found
that 12 points per wavelength gave an error of less than 0.5%. Fi-
nally, results for the frequency-domain approach were similar to
the results from the time-domain approach. Thus the frequency-
domain approach is a feasible alternative to that of the time
domain.

Results from a Large-Eddy-Simulation Jet Code

We present here some exploratory results for the application of
the Kirchhoff method in supersonic-jet aeroacoustics. A Navier—
Stokes large eddy simulation (LES) code® is used for the compu-
tation of the aerodynamic near field. The LES code uses the 2-4
MacCormack method for the solution of the axisymmetric Navier—
Stokes equations by the use of LESs. (More details can be found in
Ref. 3.) The jet Mach number is 1.5, the exterior Mach number is
0, and the Strouhal number is 0.125. The Navier—Stokes approach
with LES uses 256 points per period. The Kirchhoff surface S is
a cylinder around the jet; the base surfaces are not included in the
calculation. The cylinder length is 50 jet radii along which are 150
points. This mesh is fine enough for CAA calculations. One impor-
tant issue to be resolved is the determination of the proper posi-
tioning of the Kirchhoff surface. Five Kirchhoff surfaces with radii
i ranging from 1 to 5 jet radii were tried herein. The results are
from time-domain calculations. However, frequency-domain cal-
culations yield almost identical results. {The frequency range is
(3m/16) —128(37/16).] Both Kirchhoff codes require a very small
fraction (i.e., seconds vs hours) of the CPU time required for the CFD
calculation.

Figure 2 shows the pressure amplitude vs the distance for various
values of ry at angles of 0 and 60 deg (the angle is measured from
the jet axis at the jet exist). A logarithmic scale is used, and the line
1/r is also shown. We can observe that all results look reasonable.
At large distances all signals drop as 1/r, as expected. The solution
on the Kirchhoff surface should satisfy the linear wave equation.
As we move from the nonlinear aerodynamic near field toward the
acoustic far field, the signals start to become linear, We can see from
Fig. 2 that the signals from a Kirchhoff surface at r, = 1 jet radius

are the lowest, because the Kirchhoff surface is in the nonlinear
aerodynamic near field. If we place the Kirchhoff surface in the
linear region, then the solution is independent of the placement of
the Kirchhoff surface. We can also see from Fig. 2 that the signals
for r, = 2-4 jet radii give results that are very close, showing that
this is approximately the linear region of the CFD calculation. The
signals at r, = 5 are lower, because the mesh used is coarser at this
distance, and the signals start to become diffused. Thus a fine grid is
needed in the CFD solution to ensure proper wave resolution at the
beginning of the linear region, so that a Kirchhoff surface could be
placed there. Note that some errors are expected at low values of 6,
because of the omission of the cylinder-base surface. Calculations
with a point source have shown that the effect of the base surfaces
near & = 0 deg is not significant for the pressure amplitude, but it
is significant for the calculation of the correct phase. Further work
needs to be done on including the contribution of the base surface
by the use of modeling techniques.

Concluding Remarks

The Kirchhoff method consists of the calculation of the nonlinear
near- and midfields, usually numerically, with the far-field solutions
found from a linear Kirchhoff formulation evaluated on a surface §
surrounding the nonlinear field. The surface S is assumed to include
all the nonlinear-flow effects and noise sources. The separation of
the problem into linear and nonlinear regions permits the use of the
most appropriate numerical methodology for each. The method is
simple and accurate. Both time-domain and frequency-domain for-
mulations are developed here. The method is set up for use in jet
aeroacoustics. Some test results from the use of a point source are
shown here and several accuracy issues (i.e., the number of points
per cycle, number of points per wavelength, and mesh spacing for the
normal derivative) are discussed. Furthermore, the accurate predic-
tion of the normal derivative of the normal derivative of the pressure
required for the Kirchhoff formulation could lead to inaccuracies. ‘2
However, for the point-source cases tested here, the accuracy of
the normal derivative seems to be adequate. Noted that the solution
on the Kirchhoff surface should satisfy the wave equation. For the
actual jet-flow case there might be problems if the domain were
extended far enough for the solution to satisfy accurately the wave
equation without the diffusion that results from coarse grids. The re-
gion of 2—4 radii seems to behave linearly for our test case and is the
proper region for the placement of the Kirchhoff surface. However,
our results do not include the contribution of the cylinder base, and
it could be important for observer positions with low angles from
the jet axis. In addition, in the area downstream of the cylinder and
near the axis, the velocity is not constant, so the convective wave
equation is not satisfied; thus additional errors are introduced for
observer positions with low values of 8. Further work is needed in
the above areas, but our initial results show promise. '
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Boundary Conditions for the
Vorticity—Velocity Formulation
of Navier—Stokes Equations
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Introduction

HE no-slip boundary conditions for the vorticity—velocity for-

mulation or, more precisely, the u — w integro-differential for-
mulation of the Navier-Stokes (NS) equations are considered in
this paper. The status of the problem has been given in the recent
reviews by Gresho' and Gatski.2 The present Note is concerned
with the no-slip boundary conditions within the framework of the
boundary-element method that has been in development for the past
two decades by Wu,>** Wu and Gulcat,” Wu and Thomson,® and
Wang and Wu.” This method has appeared to be rather fruitful. Im-
portant problems for both practice and basic research have been
solved with this method. Wu et al.>~8 presented the equation that is
sometimes used to represent a solution on NS equations for given
time instant in integral form. “Sometimes” is written here because
the solver given by those authors does not generally speaking meet
the no-slip boundary conditions. Gresho® wrote in his review thatun-
der some circumstances the equation .. . may not be strictly valid,
and some mathematical trickery seems to have crept in. Woe is Wu?
No, because in practice it is quite properly (and cleverly) utilized
in other ways, and the suggested illegitimacy is in fact vindicated.”
However, the problem for the general case remains unsolved. How
to meet the no-slip conditions? This Note approaches these ques-
tions by reduction of the problem finally to the system of Fredholm
equations of the second kind. The solver of this system gives the
distribution of vortices and sources (sinks) on the surface of the
body. The integral representation of the solution with the obtained
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vortices and sources yields the exact instantaneous velocity field
that meets the no-slip conditions.

Flow Equations

The terminology and notations from Ref. 1 are used throughout
this paper. The governing equations for an incompressible viscous

medium are

ou

Vu =0, m + @Vu =nAu—VP (1)
The most general initial-boundary-value problem (IBVP) is as
follows:! Find the velocity u(x, ) and the kinematic pressure
P(x,1), i.e., the pressure divided by the density in a bounded do-

main Q with a boundary value of 32 = I' = I', + 'y, subject to
the boundary conditions for ¢ > 0 of

u=w on I'p 2)

—P +ndu,/dn =0, nou,/on =0 on 'y 3
where n indicates the normal component and outward normal direc-
tion, ¢ indicates the tangential direction, and wherein if (and only
if) ' = I'p(Ty), for 'y = @, w must satisfy fr nw=10fort > 0,
and is subject to the initial condition u(x, 0) = up(x) in 2, where
Vuy = 0in @, and nuy = nwy = nw(x,t), (x € Mand t = 0)
onlp.

Apply the curl operator V x (- - -) to Egs. (1) and use the fact that
both # and w are division-free to obtain

dw

o + @V)w = (wViu + nAw (4a)

and the velocity vector
w=V xu=rotu (4b)

Vector-Potential-Vorticity (A — w) Formulation

If one now focuses on the no-slip boundary condition Eq. (2) the
vector-potential A and the scalar potential ¢ by means of

u=r10tA + Vg (®)

to arrive at the second in the pair known as the vector-potential-
vorticity (A — w) formulation
AA = —w, Ap=0 6)
It is important that one additional requirement (a gauge condi-
tion) be imposed on A for the derivation of Egs. (6):

divA =0 Q)

The no-slip boundary conditions on the surface of the body in the
absolute frame are
Vo), +(rotA), — (W), =0, (Vo) +(rotA), — (w), = 0 (8)
The latter equation is really a vector equation on the surface.
The general representations of the solutions for the Poisson equa-

tion for the vector potential and the Laplace equation for the scalar
potential (6), are®

A(x, 1) = P(x) + / nxNF(s)drx)
r 9
P, 1) = / v(x)F(s) dI" (x")
r

where the vector ®(x) = — B, [ w(x')F(s) dQ (x').

The functions g(x') and v(x’), entered in the surface integrals,
denote the surface vorticity and the surface sources (sinks), re-
spectively. They should be determined from the boundary condi-
tions. Also here, F(s) is the fundamental solution of the Laplace



